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We present a phenomenological theory of the low energy moire´ minibands of Dirac electrons in
graphene placed on an almost commensurate hexagonal underlay with a unit cell approximately three
times larger than that of graphene. A slight incommensurability results in a periodically modulated
intervalley scattering for electrons in graphene. In contrast to the perfectly commensurate Kekule´
distortion of graphene, such supperlattice perturbation leaves the zero energy Dirac cones intact,
but is able to open a band gap at the edge of the first moire´ subbband, asymmetrically in the
conduction and valence bands.
PACS numbers: 73.22.Pr,73.21.Cd,72.80.Vp
Two alternative methods exist to create long-period
superlattices for two-dimensional (2D) electrons. One
method, developed for semiconductors, is based on the
lithographic patterning of the semiconductor surface [1].
The other method, highlighted by the studies of 2D
atomic crystals, arises naturally from the existence of
quasi-periodic moire´ patterns formed by two slightly in-
commensurate 2D lattices with similar crystal symme-
try, placed on top of each other. Graphene on hexago-
nal boron nitride is one example of such heterostructure,
where the effect of the moire´ superlattice on 2D electrons
leads to pronounced changes in the electronic properties
detected by STM [2–4], and magnetotransport experi-
ments [5–7].
The specific form of moire´ superlattice for graphene
electrons, generated by a hexagonal underlay, depends
on the ratio between the periods of the two lattices
and their mutual orientation. The abundance of layered
hexagonal crystals and semiconductors with a hexago-
nal surface layer, allows for a multiplicity of qualitatively
different superlattice structures, with various levels of
moire´ super-cell complexity. The simplest and, by now,
best studied is the highly orientated graphene-hBN het-
erostructure. Here we analyze the second simplest moire´
pattern for Dirac electrons in graphene produced by a
hexagonal underlay with an elementary unit cell approx-
imately 3 times bigger than that of graphene. The ef-
fect of a perfectly commensurate
√
3 × √3 superlattice,
known as the Kekule´ distortion of the honeycomb lattice
[8], consists in the Bragg type intervalley scattering of
graphene electrons, which opens a gap between the con-
duction and valence bands. A hexagonal underlay with
the lattice constant aS =
√
3(1+δ)a, |δ|  1, slightly dif-
ferent from that of the Kekule´ superlattice of graphene
and a small misaligned angle θ, produce a periodically
oscillating intervalley coupling. Although this does not
open a gap in graphene’s Dirac point, it creates a spe-
cific miniband spectrum, whose generic features are stud-
ied in this paper. Below, we employ a phenomenological
approach to classify the possible structure of moire´ mini-
bands of Dirac electrons in graphene [9] and, in partic-
FIG. 1: (a) The moire pattern formed from graphene (blue) on
a underlay (red) with θ = 0, δ = 1
9
. The black hexagons follow
Kekule´ lattice of graphene. (b) The two sets of reciprocal
lattice vectors, bm and βm, with their associated Brillouin
zones.
ular, the behavior of the edge of the first minibands on
the conduction and valence band sides.
The image of a moire´ supperlattice for graphene on a
substrate with a period almost commensurate with the√
3 × √3 Kekule´ lattice of graphene is shown in Fig. 1.
Since graphene electrons belong to the Bloch states in
its hexagonal Brillouin zone corners and a Kekule´ per-
turbation leads to their intervalley Bragg scattering, the
symmetry of the electronic system is described by the
group of wavevectors K±, equivalent to the extended
point group C6v + tC6v + t
2C6v where t is an elemen-
tary translation of the honeycomb lattice. That is why
in Fig. 1 (a) we show both the actual positions of car-
bon atoms in graphene and, using lines, the Kekule´ lat-
tice. The periodic occurrence of sites from the underlay
under equivalent positions of graphene honeycomb lat-
tice is described by a moire´ pattern which is periodic
under translations by X0 and X1. The associated re-
ciprocal lattice vectors belong to the set bˇ = {bm =
Rˆ2pim/6b0}m=0,··· ,5 where Rˆψ is the rotation matrix, and
b0 =
[
1− (1 + δ)−1Rˆθ
] (
0, 4pi√
3a
)
, so that |bn| ≡ b =
4pi√
3a
√
δ2 + θ2. In contrast, the equivalent positions of
substrate sites on the Kekule´ lattice are characterized by
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3 times longer period of X0 +X1 and reciprocal lat-
tice vectors from the set βˇ = {βm = 1√3 Rˆ−pi2 bm}m=0,··· ,5
with |βn| ≡ β = b/
√
3. The coexistence of these two pe-
riodicities is taken into account, on an equal footing, in
the phenomenological Hamiltonian for graphene’s Dirac
electrons,
Hˆ = vpˆ · σ + UE′vβF (βˇ)σ3 + UGv [σ × lz] · ∇F (βˇ) + UG′vσ · ∇F (βˇ) (1)
+u0vbf1(bˇ) + u3vbf2(bˇ)σ3τ3 + u1v
[
lz ×∇f2(bˇ)
] · στ3 + u2vτ3σ · ∇f2(bˇ);
f1(vˇ) =
∑
m=0,··· ,5
eivm·r, f2(vˇ) = i
∑
m=0,··· ,5
(−1)meivm·r, F (vˇ) = f1(vˇ)τ1 + f2(vˇ)τ2.
This Hamiltonian is written in terms of the Pauli ma-
trices σi and τj which act separately on the sub-
lattice (A,B) and valley (K+,K−) components of
the 4-spinors
(
ψAK+ , ψBK+ , ψBK− ,−ψAK−
)T
describing
graphene electrons. Hence, the second line describes in-
travalley Bragg scattering, whereas the first line accounts
for intervalley scattering. In writing Hˆ, we use the earlier
observation [9–14] that the potential felt by the graphene
electrons is smoothened by the larger separation between
graphene and the substrate than the carbon-carbon dis-
tance in graphene. For graphene on hBN, as well as
twisted bilayer graphene, this resulted in the presence of
only the simplest set of harmonics, bˇ, in the moire´ pertur-
bation [9–14]. For graphene on a almost commensurate√
3×√3 hexagonal underlay the same argument leads to
the appearance of the intervalley terms. In Eq. (1), the
relative strength of moire´ perturbations, measured in the
unit of energy vb =
√
3vβ, is set by dimensionless param-
eters UE′ , UG, UG′ , ui=0,1,2,3. Here, we assume that such
moire´ perturbation is small, |Ui|  1, |uj |  1, and that
the underlay has an inversion-symmetric unit cell, which
is a natural approximation [15] for a simple monoatomic
surface layer.
To supplement a phenomenological approach to de-
scribe the moire´ supperlattice, Eq. (1), we also estimated
parameter Ui and uj for two limiting microscopic models:
(a) the underlay is modeled as hexagonal lattice of point
charges [9], and (b) the underlay is modeled as a lattice
of atomic orbitals on to which the graphene electrons can
hop (adapted from a model of twisted bilayer graphene
[16]). Both models produce similar estimates for sets of
phenomenological parameters Ui and uj ,
vβ{UE′ , UG, UG′} = V˜
{
1
2
,
−δ√
δ2+θ2
,
θ√
δ2+θ2
}
, (2)
vb{u0, u1, u2, u3} = v˜
{
1
2
,
−δ√
δ2+θ2
,
θ√
δ2+θ2
,−
√
3
2
}
.
However model (a) predicts V˜  v˜, whereas model (b)
predicts V˜ ∼ v˜ [17].
The features of the miniband spectrum of the Dirac
electrons prescribed by the intravalley terms, uj , in the
second line of Eq. (1) have already been explored in stud-
ies of graphene on hBN [9–12]. The characteristic fea-
ture, present in the low energy graphene band structure
for this case, consist in the formation of additional mini
Dirac points [9–11] in a gapless spectrum. In contrast,
intervalley perturbations Ui, are able to open gaps in the
spectrum at the edges of the low energy moire´ minibands.
Hence, we focus on the role of the intervalley terms, and
explore the parameter space [UE′ , UG, UG′ ], classifying
the resulting electron spectra. It is useful to notice that
for the Hamiltonian in Eq. (1)
−−UE′ ,UG,UG′(k)=UE′ ,UG,UG′(k)=−UE′ ,−UG,−UG′(k). (3)
The first equality in Eq. (3) allows us to relate the band-
structure of the valence band to that of the conduction
band by flipping the sign of UE . Also, it turns out that
the parameter UG′ affects the miniband spectra of elec-
trons only in the second order, since its first order effect
on the electron energies can be removed by the gauge
transformation ψ → e−iUG′F (βˇ)ψ′.
The correspondence between the translational symme-
tries of the Hamiltonian Hˆ and the geometrical symmetry
group of the moire´ supperlattice, GSL = {c6, TX0}, is set
by the fact that a translation e.g. by the period X0 in-
dicated in Fig. 1, is accompanied by a valley-dependent
unitary gauge transformation, Uˆt = − 12 −
√
3i
2 τ3 which
represents the effect of the elementary translation of
the honeycomb lattice on the 4-component spinors ψ.
This argument establishes the isomorphism of GSL to
the symmetry group GH = {cˆ6, SˆX0} of the Hamilto-
nian Hˆ, where instead of geometrical translation TX0 we
use SˆX0 = UˆtTˆX0 (and SˆX1 = Uˆ
†
t TˆX1 instead of TX1).
This correspondence allows one to use two equivalent de-
scriptions of the folded mini Brillouin zone (mBZ) of the
electrons in the presence of the moire´ pattern, Fig. 1(b).
One, based on the longer periodicity implicit in the eiβm·r
dependence of the intervalley part of the Hamiltonian
Hˆ, suggests plotting the miniband dispersion over the
smaller mBZ. The other, adjusted to the periodicity of
the geometrical arrangement of atoms, uses the three
times larger mBZ. For the smaller mBZ, the Dirac cones
from both K+ and K− valleys are folded onto the center
3of the mBZ, resulting in the valley degenerate dispersion
surfaces shown in the left panel of Fig. 2(a). In con-
trast, the zone folding into the larger mBZ, shown in
the center panel, places Dirac cones from graphene’s two
valleys at opposite mBZ corners. The folding of disper-
sion surfaces from the larger mBZ into the smaller mBZ
can be used relate the spectra shown in these alternative
schemes. The unfolding of smaller mBZ into the larger
mBZ is provided by the gauge transformation ψ → Uψ′,
Hˆ → Hˆ ′ = U†HˆU where U = e i2 (b0+τ3β0)·r represents
a valley dependent shift of momentum. After this gauge
transformation, the new Hamiltonian Hˆ ′ can be written
solely in terms of the bˇ harmonics,
Hˆ ′ = v
(
pˆ+
1
6
[3b0 + τ3(b4 + b5)]
)
· σ (4)
+UE′vb(τ1Ref
′−τ2Imf ′)σ3
+ UGv(τ1Re g
′−τ2Im g′)σ
+ UG′v
(
τ1Re
[
Rˆpi
2
g′
]
−τ2Im
[
Rˆpi
2
g′
])
σ;
f ′=
2√
3
(
1+eib1·r+eib2·r
)
, g′=
2i√
3
(
b0+b2e
ib1·r+b4eib2·r
)
.
FIG. 2: Numerically calculated moire´ minibands shown in
the smaller mBZ (left) and larger mBZ (center), and the cor-
responding density of states (right). A Van Hove singularity,
originating from the first moire´ miniband (in both the conduc-
tion and valence bands) is always present for the perturbed
spectra.
FIG. 3: The regions of parameter space for which a band gap
is present in the conduction band. The parameter space for
the valence band is obtained by flipping the sign of UE′ .
Characteristic miniband spectra, calculated by numer-
ical diagonalization in the basis of zone-folded plane
waves of K+ and K− Dirac electrons, are shown in
Fig. 2(b,c). The choices of phenomenological parameters
used to calculate these spectra, marked with black dots
in the lower right panel of Fig. 3, correspond to the di-
rection in the parameter space set by Eq. (2) with θ = 0.
Since nesting obscures some of the dispersion branches,
it is useful to plot them over both the smaller mBZ
(left) and the larger mBZ (middle). Also, we note that,
the calculated spectra will be electron-hole asymmetric,
(k) 6= −(k), unless either UE = 0 or UG = UG′ = 0.
Generically, we find either a gapped edge of the first
moire´ miniband (on the conduction and/or valence band
side of the graphene spectra) for a strong moire´ pertur-
bation, or gapless spectra with overlapping minibands
for a weak moire´ perturbation. In all cases, the main
Dirac point is preserved with a renormalized Dirac ve-
locity, (1− 12U2E′ − 24U2G)v. The parameter range where
the spectrum has a gap at the first miniband edge in the
conduction band is shown in red in Fig. 3, whereas the
parameter range with a gapless spectrum is left transpar-
ent. The magnitude of the band gap between the first and
second minibands in either the conduction band (s = 1)
or the valence band (s = −1), may be expressed in the
form
∆ =
vb√
3
min (c, d) (5)
c ≈−1
2
+|4UE′−6sUG|+ 4
3
(
U2E′+6sUE′UG−2U2G−3U2G′
)
d ≈ |UE′ − 2sUG|+ 3
2
(
3U2E′ − 4U2G′
)
.
where vb√
3
c and vb√
3
d are the values of the indirect and di-
rect band gaps. A negative value of ∆ indicates that the
bands are overlapping (no band gap, transparent volume
of Fig. 3).
4TABLE I: Almost commensurate
√
3 × √3 substrates for
graphene.
Substrate as [A˚] Structure Ref
PtTe2 4.03 layered [18]
PdTe2 4.04 layered [19]
InSe 4.05 layered [20]
h−GaTe 4.01-4.06 layered [21–23]
InP 4.15 (111) surface [24]
InAs 4.28 (111) surface [24]
GaSb 4.31 (111) surface [24]
AlSb 4.34 (111) surface [24]√
3a graphene 4.26 [25]
To conclude, there are numerous substrates with sur-
faces that are almost commensurate with the
√
3 × √3
Kekule´ superlattice in graphene (Table I). A sufficiently
strong moire´ perturbation for the Dirac electrons in
graphene, placed at a small misalignment angle on such
surfaces, results in a band gap between the first and sec-
ond moire´ minibands, on either the conduction or va-
lence band side of graphene’s band structure, at ener-
gies  ∼ ±vb/√3. These band gaps may be either indi-
rect (if the phenomenological parameters [UE′ , UG, UG′ ]
lie within the red volume of Fig. 3 between the black
dashed lines), or direct (outside the black dashed lines).
This observation suggests a new possibility to tailor elec-
tronic properties of graphene.
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